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We study unconventional superconductivity induced by weak repulsive interactions in 2D elec-
tronic systems at Van Hove singularity (VHS) where density of states is logarithmically divergent.
We define two types of VHS. For systems at type-I VHS, weak repulsive interactions generically
induce unconventional singlet pairing. However and more interestingly, for type-II VHS renormal-
ization group (RG) analysis shows that weak repulsive interactions favor triplet pairing (e.g. p-wave)
when the Fermi surface is not sufficiently nested. For type-II VHS systems respecting tetragonal
symmetry, topological superconductivity (either chiral p + ip pairing or time-reversal invariant Z2
p+ ip pairing) occurs generally. We shall also discuss relevance of our study to materials including
recently discovered superconductors LaO1−xFxBiS2 which can be tuned to type-II VHS by doping.
Introduction: Topological states of quantum matter
have been among central attentions in condensed matter
physics for many decades, especially after the discoveries
of quantum Hall effects [1] and the theoretical proposal
of resonating valence bond (RVB) for high temperature
superconductivity (SC)[2–4]. More recently, a new type
of time-reversal-invariant band insulators, the so-called
topological insulators, have generated enormous excite-
ments in both theoretical and experimental studies[5, 6].
It was soon realized that there exists a “periodic table”
of noninteracting topological insulators and topological
superconductors[7–9].
Since the discoveries of hosting materials for 2D and
3D Z2 topological insulators, topological superconduc-
tivity (TSC) has attracted increasing attentions. Espe-
cially, chiral p + ip topological superconductors in 2D
is intriguing, partly because magnetic vortex cores in
them could support Majorana zero modes[10] which carry
non-Abelian statistics[11, 12] and may be potentially em-
ployed in realizing topological quantum computation[13,
14]. Experimentally, Sr2RuO4 is believed by many to be
chiral p+ ip superconductors [15] while its experimental
situations are not definitive yet. Unambiguously estab-
lishing an intrinsic topological superconductor in nature
as a new state of matter is of great importance. (Cer-
tain TSC may be induced extrinsically by proximity to
topologically-trivial superconductors[16–18]).
To realize intrinsic TSC, unconventional pairing,
namely sign-changing pairing among different parts of
the Fermi surface (FS), is generically needed. It is widely
believed that only electron-phonon coupling may not be
sufficient to induce unconventional SC and repulsive in-
teractions between electrons are often needed to form
unconventional pairing. For systems with generic Fermi
surfaces, it has been shown that weak repulsive interac-
tions can induce unconventional pairing [19–22]; at the
same time pairing in such systems is generically weak.
However, the transition temperature to unconventional
SC can be dramatically enhanced in a 2D system with
FS at VHS where density of states (DOS) is logarith-
mically divergent[23–33]. Interestingly, unconventional
singlet pairing (e.g. d-wave) was often found in previous
studies of 2D VH systems with no spin-orbit coupling
[23–26, 28–30], which could be understood heuristically
as follows. The VHS studied previously in Ref. [23–
26, 28–30] has a common feature: VH saddle points are
at momenta K with K = −K, modulo reciprocal lat-
tice vectors (such K is time-reversal-invariant). We call
such saddle points as type-I VHS. Because triplet pairing
∆(k) is an odd function of k [namely ∆(−k) = −∆(k)],
∆(k) must vanish at type-I saddle points. Since DOS is
dominantly from fermions around VH saddle points, it is
expected that triplet pairing is generically suppressed in
systems at type-I VHS. Note that in systems finitely away
from their type-I VHS triplet pairing may be favored in
the limit of weak interactions[21].
To realize unconventional/topological triplet pairing in
systems at VHS, we study a different type of VH systems
whose saddle point momenta K satisfy K 6= −K, which
we call type-II VHS. The suppression of triplet pairing
encountered at type-I VHS is absent for type-II VHS.
Consequently, triplet pairing in general competes with
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FIG. 1. (a) Type-I VH saddle points at (0, pi) and (pi, 0) for
t2/t1 = −0.2 and t3/t1 = 0.1, as similarly realized in cuprates.
(b) Type-II VH saddle points at K1,2 = (±K, 0) and K3,4 =
(0,±K); K = 2pi
3
for t2/t1 = −0.4 and t3/t1 = 0.1.
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2singlet pairing in systems at type-II VHS. Moreover, since
unconventional pairing with lowest nonzero angular mo-
mentum is p-wave that is a triplet pairing, we expect that
triplet p-wave pairing can be the leading superconduct-
ing instability for weak repulsive interactions. Indeed, by
RG treatment, we show that the triplet p-wave pairing is
generally favored in systems at type-II VHS with FS not
sufficiently nested (which we shall quantify below). For
systems with tetragonal lattice symmetries where px and
py pairings are degenerate forming a 2D irreducible repre-
sentation of the point group, we show that topologically
nontrivial px + ipy pairings (either chiral px + ipy pair-
ing or time-reversal-invariant Z2 px + ipy pairing) gain
more condensation energy than either px or py pairing
below the transition temperature. Consequently, tetrag-
onal systems at or close to type-II VHS may provide a
promising place to look for TSC with px + ipy pairing.
Model and effective theory: For simplicity, we con-
sider the Hubbard model on the square lattice:
H =
∑
ijσ
−tijc†iσcjσ −
∑
iσ
µc†iσciσ +
∑
i
Uni↑ni↓, (1)
where c†iσ are electron creation operators with spin polar-
ization σ =↑, ↓ at site i and tij = t1, t2, t3 label electron
hopping between first, second, and third-neighboring
sites, respectively. We assume t1 > 0, t2 < t1, and t3 > 0.
Here U is the usual on-site repulsive interactions (which
qualitatively simulate screened Coulomb interactions be-
tween electrons). For |t1 + 2t2| > 4t3 and µ = 4t2 − 4t3,
the FS possesses type-I VH saddle points at K = (0, pi)
and (pi, 0), as shown in Fig. 1(a). In this paper, we shall
focus the low-energy physics at type-II VHS, which is re-
alized for |t1 + 2t2| < 4t3 and µ = (t1 + 2t2)2/(4t3)− 2t1.
There are four inequivalent saddle points, as shown in
Fig. 1(b).
In the limit of weak interactions, low energy physics
is dominated by fermions around the FS. In 2D, the
DOS is logarithmically divergent at VHS, namely ρ(ω) ∼
log(E0/ω) where E0 is the order of band width and ω
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FIG. 2. Graphic representations of the six interactions gi,
i = 1, · · · , 6.
denotes the energy away from VHS. Moreover, the diver-
gent DOS is contributed mainly by electrons around VH
saddle points. Consequently, as a good approximation,
we can neglect electrons far away from VH saddle points
but focus on the electrons in patches around VH saddle
points[24–28], which was called “patch approximation”.
Within the patch approximation, the low energy effective
physics is described by the follow action:
S =
∫
dτd2x
4∑
a=1
[
ψ†aσ[∂τ − a(i∂x, i∂y) + µ]ψaσ
]
−
4∑
a=1
[g1
2
ψ†aψ
†
a¯ψaψa¯ +
g2
2
ψ†aψ
†
a¯ψa¯ψa
]
−
4∑
a=1
g4
2
ψ†aψ
†
aψaψa
−g3
[
(ψ†1↑ψ
†
2↓ + ψ
†
2↑ψ
†
1↓)(ψ3↓ψ4↑ + ψ4↓ψ3↑) + h.c.
]
−
2∑
a=1
4∑
b=3
[
g5ψ
†
aψ
†
bψaψb + g6ψ
†
aψ
†
bψbψa
]
, (2)
where ψaσ is annihilation operators of electrons with
patch indices a = 1, · · · , 4 and spin polarization σ =↑, ↓.
Here a¯ labels patches with momenta opposite to a. Short-
range interactions gi are represented graphically in Fig. 2.
A spin sum with the indices σ, σ′, σ′, σ is implicit in the
above expressions for interactions g1, g2, g4, g5, g6. Note
that g3 scattering occurs only in the singlet channel be-
cause of the tetragonal lattice symmetries[34]. Here,
a(kx, ky) is the dispersion of VH electrons expanded
up to quadratic terms around saddle point a: 1,2(k) ≈
− k2x2mx +
k2y
2my
and 3,4(k) ≈ k
2
x
2my
− k
2
y
2mx
. From the lattice
model with t1, t2 and t3, we obtain mx = 2t3/[(4t3−2t2−
t1)(4t3+2t2+t1)] andmy = 2t3/[(4t3−2t2)(4t3+2t2+t1)].
Chemical potential µ = 0 in Eq. (2) represents systems
exactly at VHS. We expect that short-range interactions
in the effective theory can qualitatively capture the low
energy physics of realistic materials at VHS because long-
range interactions may be sufficiently screened by elec-
trons at Fermi level with divergent DOS.
To determine which kind of FS instability occurs as
temperature decreases, we study how interactions flow
using one-loop RG equations derived from gradually in-
tegrating out electrons at high-energy. In doing so, it is
essential to know susceptibilities of various particle-hole
and particle-particle channels at low-energy ω in the non-
interacting limit; especially, susceptibilities in the Cooper
channel have log-square behavior.
χpp0 (ω) ≈ λ log2
E0
ω
, χph0 (ω) ≈ 2λ log
E0
ω
, (3)
χppQ1(ω) ≈ λγ log2
E0
ω
, χphQ1(ω) ≈ 2λγ log
E0
ω
, (4)
χppQ2(ω) ≈ 2λγ1 log
E0
ω
, χphQ2(ω) ≈ 2λγ2 log
E0
ω
, (5)
where λ =
√
mxmy/(4pi
2) is the parameter character-
izing the DOS per patch ρ(ω) ≈ 2λ log(E0/ω), and
3Q1 = 2K1 and Q2 = K1 −K3 are two inequivalent mo-
menta connecting different saddle points. γ1 ≈ 1+κ2√κ and
γ2 ≈ 2
√
κ
1+κ log |κ+1κ−1 |, where κ = mymx is the ratio of masses
of the VH saddle points. The mass ratio κ character-
izes how perfect different patches of the FS are nested
by Q2; κ = 1 or mx = my represents perfect nesting. γ
is a constant with 0 < γ < 1. In the following, we shall
show by RG analysis that the pairing symmetry of SC in-
duced by weak repulsive interactions mainly depends on
the mass ratio κ while its dependence on γ is negligible.
When κ > κc, namely the FS is not sufficiently nested,
the most favored pairing symmetry of SC is in the triplet
p-wave channel.
RG equations and triplet pairing: RG flow equa-
tions can be obtained by extending approaches developed
in previous studies[24–26, 28]; we use a Wilson RG flow
parameterized by a decreasing energy cutoff E0. Since all
gi are marginal at the tree level, we go to one-loop RG,
which is expected to capture the leading behavior at low
energies when the couplings are weak. With logarithmic
accuracy, using y ≡ log2(E0/ω) ∼ χpp0 as the RG flow
parameter, we obtain the following RG equations:
g˙1 = −2g1g2 − 2g23 + 2d2g1(g2 − g1) + 2d1(g1g4 + g25),(6)
g˙2 = −(g21 + g22)− 2g23 + d2g22
+ 2d1[g4(g1 − g2) + 2g6(g5 − g6)], (7)
g˙3 = g3[−2(g1 + g2) + 2d3(2g6 − g5)], (8)
g˙4 = −d4g24 + d1[g21 + 2g2(g1 − g2) + g24
+ 2g25 + 4g6(g5 − g6)], (9)
g˙5 = g5[−2d5g6 + 2d3(g6 − g5) + 2d1(g1 + g4)], (10)
g˙6 = −d5(g25 + g26) + d3[g26 + g23 ]
+ 2d1[(g2 + g4)(g5 − g6) + g6(g1 − g2)], (11)
where dimensionless couplings are used by introducing
gi → λgi and g˙i = dgidy . Here d1(y) = ∂χph0 /∂χpp0 , d2(y) =
∂χphQ1/∂χ
pp
0 , d3(y) = ∂χ
ph
Q2
/∂χpp0 , d4(y) = ∂χ
pp
Q1
/∂χpp0 ,
d5(y) = ∂χ
pp
Q2
/∂χpp0 . It is clear that di(y) are decreas-
ing functions of y for y ≥ 0 and they have asymp-
totic behaviors: di(y) → 1 as y → 0, i = 1, · · · , 5;
d1(y) → 1√y , d2(y) → γ√y , d3(y) → γ2√y , d4(y) → γ, and
d5(y)→ γ1√y as y →∞. To qualitatively capture the low
energy physics, we model di(y) as follows: d1(y) ≈ 1√1+y ,
d2(y) ≈ γ√
γ2+y
, d3(y) ≈ γ2√
γ22+y
, d4(y) =
1+γy
1+y , and
d5(y) ≈ γ1√
γ21+y
. From the RG equations, gi flow to
strong coupling limit as y approaches the instability
threshold yc. Close to yc, gi(y) ≈ Giyc−y , where Gi are
constants that depend on γ, κ, and the initial interac-
tions gi(0). For the Hubbard model which we consider,
gi(0) = λU .
Normally, knowing one-loop RG equations does not di-
rectly solve for the strong coupling fixed point. Nonethe-
less, the qualitative phase diagram may be obtained from
computing various susceptibilities, which diverge close
to yc as (yc − y)α. The actually broken symmetry oc-
curring at the phase transition has the most negative
α. We obtain α of leading possible broken symmetries:
αp-SC = 2(G2−G1), αs-SC = 2(G2 +G1 + 2G3), αd-SC =
2(G2 + G1 − 2G3), αQ1-FFLO = 2G4d5(yc), αQ2-SDW =
2(G3 −G6)d3(yc), and αFM = −2(G1 +G4 +G5)d1(yc),
where the subscripts represent p-wave triplet pairing, s-
wave singlet pairing, d-wave singlet pairing, the FFLO
pairing at finite momentum Q1, spin density wave (SDW)
at Q2, and ferromagnetic state, respectively. In the weak
interaction limit and without perfect FS nesting, α in
particle-hole channels are not as negative as the ones in
particle-particle channels; consequently, our discussions
below will focus on pairing instability even though we
compute susceptibilities in both pairing and particle-hole
channels [36].
We solve the RG flow equations [Eq. (6-11)] numeri-
cally by discretizing the differential equations to find out
the flow of gi with the parameter y and to identify the
most relevant interaction channel, from which we obtain
the phase diagram as a function of γ and κ for different
initial interactions. For gi(0) = 0.01 and 0.02, the phases
diagrams are shown in Fig. 3 (a) and (b), respectively.
For κ > κc, the triplet p-wave pairing wins over the sin-
glet d-wave pairing. We note that the critical value κc
depends on γ and also bare interactions gi(0). With in-
creasing interactions gi(0), the region of triplet pairing
is enlarged. Moreover, triplet p-wave pairing is favored
unless κ is extremely close to 1 (κ = 1 represents the
perfect nesting limit). This is one of the central results
of this present work. Converting γ and κ back to hop-
ping parameters t1, t2 and t3 of the Hubbard model, we
obtain a schematic phase diagram as shown in Fig. 4.
It is clear that triplet p-wave pairing is the dominant
instability in a major part of parameter space realizing
type-II VHS, and without good Fermi surface nesting.
Note that perfect FS nesting only occurs at the isolated
point (t2 = 0, t3 = 0) in the phase diagram, which is
actually a type-I VHS.
It is worth to point out that in the limit that g3 =
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FIG. 3. The phase diagrams as a function of γ and κ for
gi(0) = 0.01 and 0.02 (or U/t1 ∼ 0.01 and 0.02), respectively.
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FIG. 4. The schematic phase diagram of the Hubbard model
at VHS and with weak repulsive interactions U . For type-I
VHS, the pairing is always in singlet channel and has d-wave
symmetry. While for type-II VHS, topological triplet pairing
is favored in a major part of the phase diagram.
g5 = g6 = 0, namely patches K1 and K2 are not inter-
acting with patches K3 and K4, the pairing symmetry
is always in the triplet channel for arbitrary γ, κ, and
gi(0). This can be understood through the RG flow of
g1: g˙1 = g1[−2g2 + 2d1(g2 − g1) + 2d2g4]; it is clear that
g1 > 0 if it starts out positive. Consequently, G1 > 0 and
αp-SC < αs-SC, namely the susceptibility of triplet pair-
ing diverges faster than singlet for arbitrary γ, κ, and
gi(0) > 0.
Topological superconductivity: We have shown
that triplet p-wave pairing is favored for systems at type-
II VHS in the limit of weak repulsive interactions. To
fully characterize a triplet pairing, one need to specify
dk, defined through
〈
ψ†kψ
†
−k
〉
∝ iσydk ·σ. On one hand,
for a system without spin-orbit coupling, the free energy
is independent on the global direction of dk. In 2D, the
spin-rotational symmetry can be spontaneously broken
at zero temperature, which select a global direction of
dk. On the other hand, due to the crystalline symme-
try, px and py pairings are degenerate and have identi-
cal pairing susceptibility. Either px or py pairing cannot
fully gap out the FS while px + ipy pairing can, we ex-
pect that the px + ipy pairing gain more condensation
energy than either px or py pairing below the transition
temperature[35]. Indeed, from the analysis of Ginzburg-
Landau free energy (see Appendix), it is shown that ei-
ther of the following two kinds of px + ipy pairings mini-
mizes the free energy: (i) dk ∝ (kx+ iky)eˆ, for which the
pairing is chiral and breaks time reversal symmetry; con-
sequently, the system supports robust gapless Majorana
edge states on its boundary and a non-Abelian Majorana
zero mode in the core of a magnetic hc/4e half-vortex[11].
(ii) dk ∝ kxeˆ1 +kyeˆ2 with eˆ1 ⊥ eˆ2, for which the pairing
between two spin-“up” electrons is px + ipy and between
two spin-“down” electrons is px − ipy (spin quantization
axis is e1×e2); such pairing preserves time reversal sym-
metry and is topologically nontrivial with Z2 topological
invariant [7, 8, 37]; the system carries helical Majorana
modes along its edge. These two topological pairings
have degenerate energy for a system without spin-orbit
coupling. In real materials where spin-orbit coupling is
always present, one of the two topological pairings will
be favored below the superconducting phase transition.
Discussions and concluding remarks: A new
family of layered superconductors LaO1−xFxBiS2 were
discovered recently[38, 39]. According to ab initio
calculations[40], the relevant orbitals close to the Fermi
level are px and py of Bi atoms which form a square lat-
tice in each layer. By tuning x, the FS goes through a
type-II VHS where the FS has no nesting[40, 41]. The
RG analysis in the present work indicates that the dom-
inant pairing is in the triplet channel while assuming
that its SC is mainly induced by weak repulsive inter-
actions. Moreover, employing a two-orbital Hubbard
model which is expected to capture the main physics
of this material, RPA-type analysis around the type-II
VHS shows that weak short-range repulsive interactions
induced SC is in the triplet channel and the tendency
towards triplet pairing can be significantly enhanced by
spin-orbit coupling[41]. Recently reported Hc2 measure-
ments of this material[42] provides preliminary evidences
for triplet pairings even though its pairing symmetry re-
mains largely unknown.
Besides tetragonal systems, type-II VHS in 2D may
also occur in systems with hexagonal symmetry, for
which there are generally six type-II VH saddle points.
Band-structure calculations show that such type-II VHS
can be realized in the doped BC3[43]. For such type-II
VHS, RG flow equations are more complex and studies of
its phase diagram will be presented in the future[43]. In
the end, we would like to mention that in real materials,
the properties of VHS can be impacted by disorder[44].
Whether such impact will bring any effect on the pairing
symmetry is currently not obvious. We leave this topic
for future study.
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5Appendix: Ginzburg-Landau Free Energy of Triplet p-wave Pairings
To investigate the interactions between two degenerate triplet pairing order parameters φ1(k)eˆ1 and φ2(k)eˆ2, where
φ1(k) and φ2(k) comprise the two-dimensional irreducible representation of the point group and eˆ1 and eˆ2 are two
unit vectors, we derive the Ginzburg-Landau free energy in terms of the two order parameters by the linked cluster
expansion. [The simplest form of φ1(k) and φ2(k) are kx and ky, respectively.] The signs of certain quartic terms
in the Ginzburg-Landau free energy can tell us whether the two order parameters are repulsive or attractive. The
partition function in the path integral formulism is Z =
∫ Dψ¯Dψ exp(− ∫ dτL[ψ¯, ψ]), where
L =
∑
k
ψ†k [∂τ − (k) + µ]ψk −
∑
k,k′
ψ†kψ
†
−kV (k,k
′)ψ−k′ψk′ , (12)
where V (k,k′) is the effective pairing interactions of electrons close to the FS after high energy degree of freedoms
have been integrated out. Assume that the most favored pairing symmetry is triplet odd-parity pairing and there are
two degenerate odd-parity p-wave pairings with normalized pairing functions φ1(k) and φ2(k), where
∫
d2kφ2i (k) = 1
and
∫
d2kφ1(k)φ2(k) = 0. Taking a general pairing ∆(k) = ∆1φ1(k)eˆ1 + ∆2φ2(k)eˆ2, where ∆1 and ∆2 are the two
pairing parameters, the partition function is given by
L =
∑
k
(ψ†k↑, ψ
†
k↓, ψ−k↑, ψ−k↓)
(
G−1p iσ
yσ ·∆(k)
σ ·∆∗(k)(−iσy) G−1h
)
ψk↑
ψk↓
ψ†−k↑
ψ†−k↓

+
∑
k,k′
[|∆1|2φ1(k)V −1(k,k′)φ1(k′) + |∆2|2φ2(k)V −1(k,k′)φ2(k′)] , (13)
where Gp/h =
1
iω∓[(k)−µ] are the Green’s functions of electrons and holes with Matsubara frequency ω. By integrating
out the fermions, we obtain the action in terms of the order parameters:
L˜ = Tr log
(
G−1p iσ
yσ ·∆(k)
σ ·∆∗(k)(−iσy) G−1h
)
+
1
λ0
(|∆1|2 + |∆2|2) , (14)
where λ0 is the largest positive eigenvalue of the interaction V (k,k
′) whose eigenfunctions are φ1(k) and φ2(k). By
expanding the Tr log in Eq. (14) to the quartic order of ∆i, we obtain
L˜ = L0 + 2Tr [Gpiσyσ ·∆(k)Ghσ ·∆∗(k)(−iσy)] + 1
λ0
(|∆1|2 + |∆2|2)
+ 2Tr
[
Gpiσ
y~σ · ~∆(k)Ghσ ·∆∗(k)(−iσy)Gpiσyσ ·∆(k)Ghσ ·∆∗(k)(−iσy)
]
, (15)
= L0 + r
(|∆1|2 + |∆2|2)+ u1(|∆1|2 + |∆2|2)2 + 2u2|∆1|2|∆2|2 + u3|∆1∆∗2 + ∆∗1∆2|2 + u4|∆1∆∗2 −∆∗1∆2|2,(16)
where
r = Tr (GpGh) + 1/λ0, (17)
u1 = Tr
(
GpGhGpGhφ
4
1
)
= Tr
(
GpGhGpGhφ
4
2
)
, (18)
u2 = Tr
[
GpGhGpGhφ
2
1φ
2
2
]− u1, (19)
u3 = Tr
[
GpGhGpGhφ
2
1φ
2
2(eˆ1 · eˆ2)2
]
, (20)
u4 = Tr
[
GpGhGpGhφ
2
1φ
2
2(eˆ1 × eˆ2)2
]
. (21)
It is clear that u1 > 0, u2 < 0, u3 > 0, u4 > 0 and u1 + u2 = u3 + u4. The u3 and u4 terms represent the real and
imaginary parts of ∆1∆
∗
2, respectively. Since u2 < 0, there are two ways to minimize the u2, u3, and u4 simultaneously:
(i) eˆ1 ‖ eˆ2 and ∆2 = ±i∆1, which corresponds to chiral p+ ip pairing; (ii) eˆ1 ⊥ eˆ2 and ∆2 = ±∆1, which represents
time reversal invariant p+ ip pairing. These two kinds of p+ ip pairings have the same free energy and are degenerate.
But the presence of spin-orbit couplings in real materials can lift the degeneracy and select the one with lower free
energy.
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